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INTRODUCTION
In this paper we give some decomposition numbers of the Hecke algebra
 .  .of type F , H F , and of Hecke algebras of type D , H D .4 4 n n
The Hecke algebra of type F is defined here as a vector space over a4
field K of arbitrary characteristic and its definition depends on q, Q where
w xq, Q are non-zero elements of K. In 8 , Geck and Lux calculate the
 .decomposition numbers of H F in the special case q s Q and in Bremke4
w x 2 41 the same task is completed for the cases q s Q and q s Q . In this
paper we give the composition factors of the ordinary irreducible represen-
 .tations of H F of dimension at most 4 under all combinations of values4
 w x.of q and Q excluding the case q s Q s y1 which is covered in 8 . In
w x7 , where Geck calculates the characters of the generic Hecke algebra of
 .type F , ordinary irreducible representations of H F of dimension at4 4
most 8 are constructed but in general the representing matrices for the
generators involve denominators which become zero for certain combina-
tions of values of q and Q. In this paper we give a complete set of ordinary
 .irreducible representations of H F of dimension at most 6. The repre-4
senting matrices given here involve no denominators except in one of the
j cases where they involve denominators of the form Q which are never
. w xzero . We remark that in 11 the 8- and 9-dimensional ordinary irreducible
 .matrix representations of H F are obtained by fixing a basis for some4
 .right ideals of H F which are constructed there. The representing4
w xmatrices obtained in 11 again involve no denominators.
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w xIn 10 , the representations of Hecke algebras of type D , n odd, aren
constructed on the restriction that a certain polynomial in q is non-zero.
  . .The definition of H D depends on q g K. Under the same restrictionsn
on q we show here that, with a suitable ordering of the rows and columns,
the decomposition matrices of Hecke algebras of type D for n odd aren
lower unitriangular and we give some examples of such matrices for small
values of n. In the case where n is even part of the decomposition matrix
. w xis obtained. The results are analogous to the results in 5 .
 .1. SOME DECOMPOSITION NUMBERS OF H F4
 .In this section we calculate some decomposition numbers of H F .4
 .1.0.1. DEFINITIONS. i The Weyl group of type F , which we denote4
 . 2 2 2 2by W F , is generated by t , t, s , s where t s 1 s t s s s s , t s s4 2 1 2 2 1 2 2 i
 .3  .3  .4s t for i s 1, 2 and ts s s t, t t s 1 s s s s ts .i 2 2 2 2 1 2 1
 .ii Let K be a field of arbitrary characteristic and let q, Q be
 .non-zero elements of K. The Hecke algebra of type F , H F , over K4 4
with respect to q and Q is defined to be a vector space over K with basis
  .4T : w g W F with the following multiplication structure:w 4
 .T is the multiplicative identity of H F ;1 4
 .  4T T s q q q y 1 T if x g s , s ;x x x 1 2
 .  4T T s Q q Q y 1 T if y g t, t ;y y y 2
 .If w s ¨ ¨ , . . . , ¨ is a reduced expression for w g W F where each1 2 l 4
 4¨ belongs to s , s , t, t then T s T T . . . T .i 2 1 2 w ¨ ¨ ¨1 2 l
 .Here and later we write r to denote rT where r g K.1
 .  .1.0.2. Remarks. i If we set q s Q s 1 in the definition of H F4
 .above we recover the group algebra of W F .4
 .  .ii There is an automorphism u of H F , the action of which on4
the generators is given by
 4u T s q y 1 y T , x g s , s .  .x x 1 2
 4u T s Q y 1 y T , y g t , t . . .y y 2
 .  .iii If X is a parabolic subgroup of W F , we can then form the4
 .  .Hecke algebra H X in the obvious way. H X will then be a subalgebra
 .of H F .4
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( )1.1. Some Modules for H F4
 .The method of obtaining the matrix representations of H F given4
below involves inducing up some representations of parabolic subalgebras
w xof type B , the representation theory of which is given in 5 . Calculations3
involving matrices were performed using ``Mathematica.'' In the special
 .   .case H F is semisimple recall that H F was defined as a vector space4 4
.over a field K of arbitrary characteristic , these representations constitute
 .a complete set of irreducible representations of H F of dimension at4
  4  4  44most 6. Here the notation row 1 , row 2 , . . . , row n to present an
.n = n matrix is used.
w x  .In 2, p. 413 , the ordinary character table of W F is given. The4
 .labelling of the representations of H F given below was chosen so that in4
the special case char K s 0 and q s Q s 1, the representation x in ouri
  . ..notation affords the ith character in that table compare 1.0.2 i .
We remark in passing that a way to construct the 8- and the 9-dimen-
 . w xsional ordinary irreducible representations of H F is given in 11 where4
 .some right ideals of H F are constructed.4
 44x : T , T ¬ q1 s s2 1
 44T , T ¬ Qt t2
 44x : T , T ¬ y12 s s2 1
 44T , T ¬ Qt t2
 44x : T , T ¬ q3 s s2 1
 44T , T ¬ y1t t2
 44x : T , T ¬ y14 s s2 1
 44T , T ¬ y1t t2
 44  44x : T ¬ 0, 1 , q, q y 1 ,5 s2
 4  44T ¬ q, 0 , y1, y1 ,s1
 4  44T , T ¬ Q, 0 , 0, Qt t2
 4  44x : T ¬ 0, 1 , q, q y 1 ,6 s2
 4  44T ¬ q, 0 , y1, y1 ,s1
 4  44T , T ¬ y1, 0 , 0, y1t t2
 4  44x : T , T ¬ q, 0 , 0, q7 s s2 1
 4  44T ¬ Q, 0 , y1, y1 ,t
 4  44T ¬ 0, 1 , Q, Q y 1t2
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 4  44x : T , T ¬ y1, 0 , 0, y18 s s2 1
 4  44T ¬ Q, 0 , y1, y1 ,t
 4  44T ¬ 0, 1 , Q, Q y 1t2
 4  4  4  44x : T ¬ 0, 1, 0, 0 , q, q y 1, 0, 0 , 0, 0, 0, 1 , 0, 0, q, q y 19 s2
 4  4  4  44T ¬ q, 0, 0, 0 , y1, y1, 0, 0 , 0, 0, q, 0 , 0, 0, y1, y1s1
 4  4  4  44T ¬ Q, 0, 0, 0 , 0, Q, 0, 0 , y1, 0, y1, 0 , 0, y1, 0, y1t
 4  4  4  44T ¬ 0, 0, 1, 0 , 0, 0, 0, 1 , Q, 0, Q y 1, 0 , 0, Q, 0, Q y 1t2
 4  4  4x : T ¬ 0, 1, 0, 0, 0, 0 , q, q y 1, 0, 0, 0, 0 , 0, 0, q, 0, 0, 0 ,14 s2
 4  4qQ, qQ, qQ, y1, yq, 0 , 0, 0, 0, 0, q, 0 ,
 2 440, 0, qQ , 0, yqQ, y1
 4  4  4T ¬ q, 0, 0, 0, 0, 0 , 0, 0, 1, 0, 0, 0 , 0, q, q y 1, 0, 0, 0 ,s1
 4  40, 0, 0, 0, 1, 0 , 0, 0, 0, q, q y 1, 0 ,
 2 2 2 20, Q y Q q qQ , Q y Q q qQ , y1 q Q y qQ,
44y1 q Q y qQ, y1
 4  4  .T ¬ y1, 0, 0, 0, 0, 0 , 0, y1, 0, 0, 0, 0 , 1 y q Q,t
 . 41 y q Q, Q, 0, 0, 0 ,
 4  2 2 20, 0, 0, 0, 0, 1 , yQ q Q y qQ , yQ q Q
2 4  44yqQ , 0, 0, Q, 0 , 0, 0, 0, Q, 0, y1 q Q
 4  4  4T ¬ Q, Q, Q, y1, y1, 0 , 0, 0, 0, 1, 0, 0 , 0, 0, 0, 0, 1, 0 ,t2
 4  40, Q, 0, y1 q Q, 0, 0 , 0, 0, Q, 0, y1 q Q, 0 ,
 440, 0, 0, 0, 0, y1
 2 24  4x : T ¬ q, yqrQ, qrQ , 0, 1rQ, y1rQ , 0, 0, 0, 0, 1, 0 ,15 s2
 40, 0, 0, 0, 0, 1
 4  40, 0, 0, y1, 0, 0 , 0, q, 0, 0, y1 q q, 0 ,
 440, 0, q, 0, 0, y1 q q
 4  4   .T ¬ y1, 0, 0, 0, 0, 0 , 0, y1, 0, 0, 0, 0 , yQ q y qQ ,s1
4q y qQ, q, 0, 0, 0 ,
 4  40, 0, 0, y1 q q, q, 0 , 0, 0, 0, 1, 0, 0 ,
  2 2 . 2 2 44yQ q q qQ y q Q , q q qQ y q Q, 0, 0, 0, q
 4  4  4T ¬ y1, 0, 0, 0, 0, 0 , 0, 0, 1, 0, 0, 0 , 0, Q, y1 q Q, 0, 0, 0 ,t
  .  . .0, yq q q Q y qQ , qrQ q q Q y qQ , Q, q q Q
 . .4  4yqQ, y1rQ Q q q y Qq , 0, 0, 0, 0, 0, 1 ,
 440, 0, 0, 0, Q, y1 q Q
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 4  4  4T ¬ 0, 1, 0, 0, 0, 0 , Q, y1 q Q, 0, 0, 0, 0 , 0, 0, y1, 0, 0, 0 ,t2
 2 4  40, 0, q rQ, Q, 0, yqrQ , qQ, yq, qrQ, 0, Q, y1rQ ,
 440, 0, 0, 0, 0, y1
1  4  4  4  44x : T ¬ y1, 0, 0, 0 , y1, q, 0, 0 , 0, 0, q, 0 , 0, 0, 0, q17 s2
 4  4   . 4T ¬ q, yq, 0, 0 , 0, y1, 0, 0 , 0, y q q Q , q, 0 ,s1
 440, 0, 0, q
 4  4  4  44T ¬ Q, 0, 0, 0 , 0, Q, y1, 0 , 0, 0, y1, 0 , 0, 0, y1, Qt
 4  4  4  44T ¬ Q, 0, 0, 0 , 0, Q, 0, 0 , 0, 0, Q, yQ , 0, 0, 0, y1t2
 4  4  4 x : T ¬ y1, 0, 0, 0 , 0, y1, 0, 0 , 0, 0, y1, 0 , yQ y qQ18 s2
2 44qQ , 1 q q y Q, 1, q
 4  4  4T ¬ y1, 0, 0, 0 , 0, y1, 0, 0 , 0, 0, y1 q q, y1 ,s1
 440, 0, yq, 0
 4  4  4T ¬ Q, 0, 0, 0 , 0, y1 q Q, y1, 0 , 0, yQ, 0, 0 ,t
 440, 1, 1, Q
 4  4  4T ¬ y1 q Q, y1, 0, 0 , yQ, 0, 0, 0 , 0, 0, Q, 0 ,t2
 440, 0, 0, Q
 4  4  4  2x : T ¬ q, 0, 0, 0 , 0, q, 0, 0 , 0, 0, q, 0 , yQ q Q q qQ,19 s2
44Q y 1 y q, y1, y1
 4  4  4  44T ¬ q, 0, 0, 0 , 0, q, 0, 0 , 0, 0, 0, 1 , 0, 0, q, q y 1s1
 4  4  4T ¬ y1, 0, 0, 0 , 0, 0, 1, 0 , 0, Q, Q y 1, 0 ,t
 440, y1, y1, y1
 4  4  4  44T ¬ 0, 1, 0, 0 , Q, Q y 1, 0, 0 , 0, 0, y1, 0 , 0, 0, 0, y1t2
 4  4  4  44x : T ¬ q, 0, 0, 0 , 1, y1, 0, 0 , 0, 0, y1, 0 , 0, 0, 0, y120 s2
 4  4  4  44T ¬ y1, q, 0, 0 , 0, q, 0, 0 , 0, q q Q, y1, 0 , 0, 0, 0, y1s1
 4  4  4  44T ¬ y1, 0, 0, 0 , 0, y1, 1, 0 , 0, 0, Q, 0 , 0, 0, 1, y1t
 4  4  4  44T ¬ y1, 0, 0, 0 , 0, y1, 0, 0 , 0, 0, y1, Q , 0, 0, 0, Q .t2
 .It is easy to check that these are representations of H F by checking that4
 .  w x.the set of defining relations for H F see, for example, 7 is satisfied.4
Moreover, the characters of the representations given above agree with
w xthe characters given in 7 . We remark that the representing matrices given
here either involve no denominators or, in the case of x , involve15
j denominators of the form Q , which are never zero. Compare with Geck
w x7 where the representing matrices for the generators generally involve
.denominators.
1 w xThe representation x was taken from Geck 7 .17
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 .1.1.1. Remark. The automorphism u described in 1.0.2 ii can be used
to obtain new representations from the ones already constructed. For
example, in this way we can obtain x from x , x from x , x from20 17 18 19 4
x , and x from x . Moreover, if 1 q q q q2 / 0, the representation1 3 2
obtained by applying u to x is equivalent to x and if 1 q Q q Q2 / 0,5 6
the representation obtained by applying u to x is equivalent to x .7 8
1.1.2. DEFINITION. For each of the representations given above, let Mj
 .be an H F -module which affords the representation x and let4 j
 4  .¨ , ¨ , . . . , ¨ , where l j is the dimension of M over K, be a K-basis1 2 l j. j
 .for M K a field of arbitrary characteristic .j
1.2. Finding the Composition Factors of the Mj
In this section we discuss the method used to find the composition
factors under all combinations of q and Q excluding the case q s Q s
.  .y1 , of the H F -modules defined in 1.1.2 that have dimension at most 4.4
 w x .The case q s Q s y1 is already covered in 8 . For the rest of this
section we therefore assume that 1 q Q and 1 q q are not both equal to
zero.
 .In what follows let M be one of the H F -modules defined in 1.1.2.4
Notation. We will repeatedly make use of the following notation: If
 4  :S s m , m , . . . , m : M, then m , . . . , m will denote the linear span1 2 r 1 r
of S over K.
If M has dimension 2 over K, finding the composition factors of the
 .  :H F -module M is not difficult. Consider for example M s ¨ , ¨ .4 5 1 2
 :Clearly ¨ is not a submodule of M . By investigating the conditions on2 5
 :  .q, Q for which ¨ q l¨ l g K is a submodule of M we can deduce1 2 5
all the information we need.
Suppose now that M has dimension 4 as a vector space over K that is,
.we suppose M s M where j s 9, 17, 18, 19, or 20 . It turns out that inj
these cases we can decompose M into a direct sum of four 1-dimensional
 .H X -modules, M s I [ I [ I [ I , where X is a parabolic subgroup1 2 3 4
 .  .of W F chosen in such a way that H X is semisimple under the given4
combination of values of q and Q.
For 1 F i F 4, we define J s [ I . Then M will be the direct sumi jI ( IJ i
of the distinct J 's, and as a consequence of the Jordan]Holder theoremÈi
 .we will then get that any H F -submodule of M contains a 1-dimensional4
subspace of at least one of the J 's.i
We illustrate the use of the above result in the following example.
 :  .Comparing with Definition 1.1.2, let M s ¨ , . . . , ¨ be an H F -19 1 4 4
module which affords the representation x given in 1.1. The action on19
 4  .  .¨ , . . . , ¨ of the generators is given by the matrices x T , x T ,1 4 19 s 19 s2 1
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 .  . x T , x T . Here and later the row convention is used so we have,19 t 19 t2
 . .for example, ¨ T s q¨ and ¨ T s Q¨ q Q y 1 ¨ .1 s 1 2 t 1 21 2
We will need the following results:
 .1.2.1. Let U be a non-zero H F -submodule of M . Then4 19
 .q¨ y ¨ g U.3 4
Proof. We split the proof into the following three cases:
i 1 q q / 0, 1 q Q / 0, ii 1 q q / 0, 1 q Q s 0, .  .
iii 1 q q s 0, 1 q Q / 0. .
 .Case i : 1 q q / 0, 1 q Q / 0. Let X be the parabolic subgroup of
 .  .W F which is generated by s and t . We then have that H X is4 1 2
semisimple and we have the following decomposition of M into a direct19
 .sum of H X -modules:
 :  :  :  :M s ¨ q ¨ [ Q¨ y ¨ [ ¨ q ¨ [ q¨ y ¨ .19 1 2 1 2 3 4 3 4
The T - and T -actions are given by the following table:s t1 2
x xT xTs t1 2
 .  .¨ q ¨ q ¨ q ¨ Q ¨ q ¨1 2 1 2 1 2
 .  .Q¨ y ¨ q Q¨ y ¨ y Q¨ y ¨1 2 1 2 1 2
 .  .¨ q ¨ q ¨ q ¨ y ¨ q ¨3 4 3 4 3 4
 .  .q¨ y ¨ y q¨ y ¨ y q¨ y ¨3 4 3 4 3 4
As a consequence of this recall that here we are assuming that 1 q q and
.  .1 q Q are both not equal to zero , we get that any non-zero H F -4
 .  :  .  :  .submodule U of M either contains a ¨ q ¨ or b q¨ y ¨ or c19 1 2 3 4
 :  :a 1-dimensional subspace of Q¨ y ¨ [ ¨ q ¨ .1 2 3 4
 .  .  .We consider each of the three subcases a , b , and c given above
separately.
 .  .  .a If ¨ q ¨ g U, we then have that ¨ q ¨ q q qT y T y1 2 1 2 t s1
.T s q¨ y ¨ g U.t s 3 41
 .  :b If U contains q¨ y ¨ then there is nothing to prove.3 4
 .  .  .c Suppose that a Q¨ y ¨ q b ¨ q ¨ g U where a , b g K,1 2 3 4
a , b are not both equal to zero.
 . . .If b s 0, then Q¨ y ¨ g U and hence y Q¨ y ¨ 1 q T q y T s1 2 1 2 t s1
 .q¨ y ¨ g U. If b / 0, then U contains x where x s ¨ q ¨ q3 4 3 4
 .  .  .  .g Q¨ y ¨ g g K and hence it contains 1rq xT q y T s q¨ y ¨ .1 2 s s 3 42 1
This completes the proof of 1.2.1 in the case 1 q q / 0, 1 q Q / 0.
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 .  .For cases ii and iii we again decompose M into a direct sum of19
 .  .H Y -modules where Y is a parabolic subgroup of W F chosen so that4
 .  .H Y is semisimple. In case ii where we assume 1 q q / 0, 1 q Q s 0
 .we take Y to be the subgroup generated by s , and in case iii where the1
assumption 1 q q s 0, 1 q Q / 0 is made we take Y to be the subgroup
generated by t . In both cases we can show using an argument to that2
given above that q¨ y ¨ g U. This completes the proof of 1.2.1.3 4
 .1.2.2. Suppose that 1 q qQ / 0 and that U is an H F -submodule of4
 .M . Then U contains ¨ q ¨ and dim U G 3.19 1 2
Proof. Assume the hypothesis. We know that q¨ y ¨ g U from 1.2.1.3 4
 . .  .  .Now q¨ y ¨ 1 q T T s Q qQ q 1 ¨ q Q qQ q 1 ¨ ; hence we3 4 t t 1 22
have that ¨ q ¨ g U in view of the assumption that 1 q qQ / 0. More-1 2
 . .  .over, ¨ q ¨ 1 q T s ¨ q ¨ and ¨ q ¨ T s q¨ q ¨ ; hence we1 2 t 2 3 2 3 s 2 41
 4get that U contains ¨ q ¨ , ¨ q ¨ , q¨ q ¨ which is clearly a linearly1 2 2 3 2 4
independent set, thus proving that dim U G 3.
2 2 1.2.3. Suppose that q y qQ q Q s 0. Then W s ¨ q ¨ , ¨ q1 2 2
:  .¨ , q¨ y ¨ is a 3-dimensional H F -submodule of M .3 3 4 4 19
 .Proof. It is easy to check that W is an H F -submodule of M .4 19
Moreover W affords the representation r where, with respect to the basis
 4¨ q ¨ , ¨ q ¨ , q¨ y ¨ of W, the representing matrices for the gener-1 2 2 3 3 4
ators are given by
 4  4 2 2r T s q , 0, 0 , 0, q , 0 , y Q q q , 1 q q q q , y1 4 4 . .s2
 4  4  4r T s q , 0, 0 , 0, q , y1 , 0, 0, y1 4 .s1
 4  4  4r T s y1, 1, 0 , 0, Q, 0 , 0, 1 q qQ, y1 4 .t
 4  4  4r T s Q, 0, 0 , Q, y1, 0 , 0, 0, y1 . 4 .t2
1.2.4. Suppose that q2 y qQ q Q2 s 0 and that 1 q qQ / 0. Then the
 .  .H F -submodule W given in 1.2.3 is an irreducible H F -module.4 4
Proof. This is an immediate consequence of 1.2.2 and 1.2.3.
1.2.5. Suppose that 1 q qQ / 0 and that q2 y qQ q Q2 / 0. Then M19
is irreducible.
 .Proof. Let U be a non-zero H F -submodule of M . In view of the4 19
 .fact that 1 q qQ / 0, we have see the proof of 1.2.2 that S : U where
  .  2 .S s ¨ q ¨ , ¨ q ¨ , q¨ q ¨ , q¨ q ¨ T s yQ q Q q qQ ¨ q1 2 2 3 2 4 2 4 s 12
 2 . 4q q Q y 1 y q ¨ y ¨ y ¨ . Now the determinant of the matrix2 3 4
 4  4  41, 1, 0, 0 , 0, 1, 1, 0 , 0, q , 0, 1 ,
yQ2 q Q q qQ, q2 q Q y 1 y q , y1, y1 4 4
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which is obtained from the set S in the obvious way is q2 y qQ q Q2
which is non-zero by assumption. Consequently S is a linearly independent
set. It follows that U s M which proves that M is irreducible.19 19
The proof of the results 1.2.6]1.2.8 below is straightforward.
 2 :In what follows let V s q¨ y ¨ , ¨ q q¨ q q ¨ .3 4 1 2 3
 .1.2.6. Suppose that 1 q qQ s 0. Then V is an H F -submodule of M4 19
and affords the representation b where1
2 2  4b T s y1, 1rq 1 q q q q , 0, q 4 4 .  . .1 s2
 4 2b T s y1, 0 , yq , q 4 4 .1 s1
 4  4b T s b T s y1, 0 , 0, y1 . 4 .  .1 t 1 t2
We note that b is equivalent to x . Moreover M rV affords representa-1 6 19
tion b where2
 4  4b T s b T s q , 0 , 0, q 4 .  .2 s 2 s2 1
 4 2b T s y1, 0 , y1rq , y1rq 4 .  42 t
 4b T s 0, 1 , y1rq, y 1rq y 1 . 4 4 . .2 t2
2 2  2 .1.2.7. Suppose that 1 q qQ s 0. Then q y qQ q Q s 1rq 1 q q q
2 . 2 . 2  2 . 2 .q 1 y q q q and 1 y q q q s 1rQ 1 q Q q Q .
2  :1.2.8. Suppose that 1 q qQ s 0, 1 q q q q s 0. Then q¨ y ¨ is an3 4
 .H F -submodule of V affording representation x . The factor module4 4
 :Vr q¨ y ¨ affords representation x .3 4 3
1.2.9. Suppose that 1 q qQ s 0, 1 q q q q2 / 0. Then V is a simple
 .H F -module.4
 .Proof. Assume the hypothesis. Suppose that U is a non-zero H F -4
  .  .submodule of M . Then q¨ y ¨ g U see 1.2.1 . Hence q¨ y ¨ T s19 3 4 3 4 s2
 2 . 2 . 2 .  .1rq 1 q q q q ¨ q q¨ q q ¨ y q¨ y ¨ g U. It now follows1 2 3 3 4
from the fact that 1 q q q q2 / 0 that dim U G 2. But dim V s 2; hence V
is simple.
The proof of 1.2.10 and 1.2.11 below is again standard.
1.2.10. Suppose that 1 q qQ s 0, 1 y q q q2 / 0. Then M rV is an19
 .irreducible H F -module affording the representation b given in 1.2.6.4 2
Moreover, under the given restrictions on q and Q, we have that b is2
equivalent to x .7
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1.2.11. Suppose that 1 q qQ s 0, 1 y q q q2 s 0. Then M rV has two19
composition factors affording representations x and x , respectively.1 3
1.2.12. We discuss the composition factors of M under all combina-19
 .  .tions of q and Q. We consider the four cases i ] iv given below.
 . 2 2 Case i : 1 q qQ / 0, Q y qQ q q / 0. Then M is irreducible see19
.1.2.5 .
 . 2 2 Case ii : 1 q qQ / 0, Q y qQ q q s 0. Then W s ¨ q ¨ , ¨ q1 2 2
:  .   .¨ , q¨ y ¨ is an irreducible H F -submodule of M see 1.2.4 and3 3 4 4 19
affords the representation r given in 1.2.3. The factor module M rW19
affords representation x .3
So in this case M has two composition factors one of dimension 3 and19
one of dimension 1.
 . 2 2Case iii 1 q qQ s 0, Q y qQ q q / 0. In particular we have that
2 2  .1 q q q q / 0 and that 1 y q q q / 0 see 1.2.7 . As a consequence of
2  2 :the fact that 1 q q q q / 0, we get that V s q¨ y ¨ , ¨ q q¨ q q ¨3 4 1 2 3
 .is an irreducible H F -submodule of M affording representation x4 19 6
 . 2see 1.2.6, 1.2.9 , and as a consequence of the fact that 1 y q q q / 0 we
 .get that the M rV is a simple H F -module affording representation x19 4 7
 .see 1.2.10 . Now x and x are clearly non-equivalent.6 7
Hence in this case M has two non-isomorphic composition factors19
affording representations x and x , respectively.6 7
 . 2 2Case iv : 1 q qQ s 0, Q y qQ q q s 0. In view of 1.2.7 we get in
 2 . 2 .this case that 1 q q q q 1 y q q q s 0 and it turns out that we need
 .  .  .to consider the three subcases a , b , and c below:
We remark that in any of the following subcases we have that V s
 2 :  .q¨ y ¨ , ¨ q q¨ q q ¨ is an H F -submodule of M .3 4 1 2 3 4 19
 . 2 2Subcase a : 1 q q q q / 0, 1 y q q q s 0. Then 1 q Q / 0 so rep-
resentations x and x are inequivalent. Hence we have here that M1 3 19
has three non-isomorphic composition factors affording representations
 .x , x , and x , respectively see 1.2.9, 1.2.11 .6 1 3
 . 2 2Subcase b : 1 q q q q s 0, 1 y q q q / 0. Then 1 q q / 0 so rep-
resentations x and x are inequivalent. Hence we have here that M3 4 19
has three non-isomorphic composition factors affording representations
x , x , and x , respectively.3 4 7
 . 2 2Subcase c : 1 q q q q s 0, 1 y q q q s 0. In particular we have
here that 1 q q / 0, 1 q Q / 0 and comparing with 1.2.8 and 1.2.11 above
we see that M has four composition factors affording representations19
 .  .x ,x with multiplicity two and x x , x , x being inequivalent .1 3 4 1 3 4
This completes the discussion of the composition factors of M .19
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1.2.13. Remark. The matrix representation x can be obtained from18
 .x using the automorphism u given in 1.0.2 ii . It follows that, given q19
and Q, we can obtain matrix representations afforded by the composition
factors of M by just applying u to the matrix representations afforded by18
the composition factors of M under the same combination of values of q19
and Q. We note that the information given in Remark 1.1.1 is useful in
that we can immediately tell to which of the representations we have
already given the representations afforded by the composition factors of
M are equivalent to.18
1.3. The Results
For the whole of this section we assume again that 1 q q, 1 q Q are not
both equal to zero. To obtain the results of this section the method
described in Section 1.2 is used. Moreover the notation used in this section
is the notation described in 1.2.
 .1.3.1. Remark. i The 1-dimensional representations x , 1 F i F 4i
for all non-equivalent in the case where 1 q q / 0, 1 q Q / 0. The only
 .cases where we can get isomorphisms are a the case 1 q q s 0, where
 .M ( M and M ( M and b the case 1 q Q s 0, where M ( M and1 2 3 4 1 3
M ( M .2 4
 .  4 2ii If x g q, Q and 1 q x q x s 0, then in particular we have that
1 q x / 0.
1.3.2. We give the composition factors of M for 5 F j F 8.j
2 2 M : If 1 q q q q / 0, then M is irreducible. If 1 q q q q s 0 in5 5
.particular 1 q q / 0 , then M has two non-isomorphic composition fac-5
  .  ..tors affording representations x , x compare 1.3.1 i and 1.3.1 ii .1 2
M : If 1 q q q q2 / 0, then M is irreducible. If 1 q q q q2 s 0,6 6
then M has two non-isomorphic composition factors which afford repre-6
sentations x and x , respectively.3 4
M : If 1 q Q q Q2 / 0, then M is irreducible. If 1 q Q q Q2 s 0,7 7
then M has two non-isomorphic composition factors affording represen-7
tations x and x , respectively.1 3
M : If 1 q Q q Q2 / 0, then M is irreducible. If 1 q Q q Q2 s 0,8 8
then M has two non-isomorphic composition factors affording represen-8
tations x and x , respectively.2 4
1.3.3. Remark. If 1 q q / 0 and 1 q Q / 0, then M , M , M , M are5 6 7 8
 .all non-isomorphic. The only cases where we can get isomorphisms are i
 .the case 1 q Q s 0 where M ( M and ii the case 1 q q s 0 where5 6
M ( M . In particular we get that M can never be isomorphic to M or7 8 5 7
.M .8
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For the discussions in 1.3.4 and 1.3.5, recall Definition 1.1.2 and the
notation given at the beginning of Section 1.2. The method used to obtain
the results in 1.3.4 and 1.3.5 is very similar to the method used in the case
of M .19
1.3.4. We discuss the composition factors of M .9
In this case we can make two useful observations:
 . 2  :  .a If 1 q q q q s 0, then q¨ y ¨ , q¨ y ¨ is an H F -1 2 3 4 4
submodule of M and affords representation x .9 8
 . 2  :  .b If 1 q Q q Q s 0, then Q¨ y ¨ , Q¨ y ¨ is an H F -1 3 2 4 4
submodule of M and affords representation x .9 6
We thus consider the following four cases:
 . 2 2i 1 q Q q Q / 0, 1 q q q q / 0. Then M is irreducible.9
 . 2 2ii 1 q Q q Q / 0, 1 q q q q s 0. Then 1 q q / 0 and M has9
two non-isomorphic composition factors affording representations x and7
 .x , respectively compare 1.3.1 and 1.3.3 .8
 . 2 2iii 1 q Q q Q s 0, 1 q q q q / 0. Then 1 q Q / 0 and M has9
two non-isomorphic composition factors affording representations x and5
x , respectively.6
 . 2 2  .iv 1 q Q q Q s 0, 1 q q q q s 0. Then 1 q q / 0, 1 q Q / 0.
In this case M has four non-isomorphic composition factors affordingq
representations x , x , x , x , respectively.1 2 3 4
1.3.5. We discuss the composition factors of M .17
 2 .  . 2 .  .Let x s 1 q qQ ¨ y 1 q q 1 q qQ ¨ q 1 q Q q¨ y qQ¨ . It is1 2 3 4
2 2  :  .not difficult to check that if 1 y qQ q q Q s 0, then x is an H F -4
submodule of M . Moreover, it is easy to see that if Q q q s 0, then17
 :  .P s ¨ , ¨ is an H F -submodule of M .3 4 4 17
It turns out that we need to consider the following four cases:
 . 2 2 i Q q q / 0, 1 y qQ q q Q / 0. Then M is irreducible. We17
find a direct sum decomposition of M in a manner similar to that of M17 19
in the proof of 1.2.1 and this turns out to be an important step towards
.obtaining the desired result.
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 . 2 2ii Q q q / 0, 1 y qQ q q Q s 0. Then as we have already re-
 :  .marked, x is an H F -submodule of M affording representation x .4 17 1
 :Now M r x affords representation a , where17
 4  4  4a T s y1, 0, 0 , y1, q , 0 , 0, 0, q 4 .s2
 4  4a T s q , yq , 0 , 0, y1, 0 , 0, y q q Q , q 4 4 . .s1
 4  4  4a T s Q, 0, 0 , 0, Q, y1 , 0, 0, y1 4 .t
 4  4a T s Q, 0, 0 , 0, Q, 0 , .t2 
1 1
2 2y 1 q qQ , 1 q q 1 q qQ , y1 . . .  . 5 5q q
Using the methods in 1.2 we can show that a is an irreducible representa-
tion. Hence in this case M has two composition factors, one of dimen-17
sion 1 and one of dimension 3.
 . 2 2 2 4 iii Q q q s 0, 1 y qQ q q Q / 0. Now 1 q q q q s 1 q q q
2 . 2 .  2 .q 1 y q q q , so in particular we have in this case that 1 q q q q
 2 .  :and 1 y q q q are both not equal to zero. Now P s ¨ , ¨ is an3 4
 . 2H F -submodule of M and in view of the fact that 1 y q q q / 0, we4 17
have that with a suitable choice of basis it affords representation x .7
Moreover, in view of the fact that 1 q q q q2 / 0 we get that M rP17
affords representation x . Comparing with the results 1.3.2 and 1.3.3 we5
get that in this case M has two non-isomorphic composition factors each17
of dimension 2.
 . 2 2 2iv Q q q s 0, 1 y qQ q q Q s 0. Then 1 q q q q s 0 or 1 y
2  .  .q q q s 0. As a consequence of this we consider the subcases a , b , and
 .c given below:
 . 2 2 a 1 y q q q / 0, 1 q q q q s 0. In particular we have that
.1 q q / 0. Then M has three non-isomorphic composition factors af-17
  .fording representations x , x and x , respectively see 1.3.1 i and1 2 7
 ..1.3.1 ii .
 . 2 2b 1 y q q q s 0, 1 q q q q / 0. Then 1 q Q / 0 and hence
M has three non-isomorphic composition factors affording representa-17
tions x , x and x , respectively.1 3 5
 . 2 2c 1 y q q q s 0, 1 q q q q s 0. In particular we have that
 .1 q Q / 0 / 1 q q; hence x , x , and x are inequivalent see 1.3.1 . It1 2 3
follows that M has four composition factors affording representations x17 1
 .with multiplicity two , x , and x .2 3
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1.3.6. Remark. The composition factors of M were discussed in19
Section 1.2. The method of obtaining the composition factors of M from18
 .those of M was also discussed there see 1.2.13 . The composition factors19
of M can be obtained from those of M in exactly the same way.20 17
 .2. SOME DECOMPOSITION MATRICES OF H Dn
 .  .  . w x w xFor the definitions of H D , H S , and f q see 10, 1.3 , 10, 1.4 ,n n n
w xand 10, 2.12 , respectively.
w x  .In 10 the representations of Hecke algebras of type D , H D , weren n
 .constructed in the case 2 f q / 0 when n is odd. The case n even wasn
 w x. w xnearly completed see 10, 3.10 . In 6 it is pointed out that there is an
 .  .embedding of H D into the Hecke algebra of type B , H B . Using then n n
w x w xembedding given in 6 , and using the notation in 6 , we can observe that
 .  .  .  .1 q T H B ( H D as H D -modules. In view of this observations n n n0 w xwe can give some alternative proofs to some of the results in 10 . It would
be interesting to investigate whether this embedding can be used to find
w xalternative proofs for the main results in 10 .
w xFor the rest of this section we use the same notation as in 10 .
The following proposition gives us a way of obtaining the decomposition
 .matrices of H D from the decomposition matrices of Hecke algebras ofn
w xtype A . The proof of this is analogous to the proof given in 5, 5.8 in then
case of Hecke algebras of type B .n
  ..In what follows, D H S will denote the decomposition matrix fora
 .H S .a
 w x.  .2.1. PROPOSITION Compare 5, 5.8 . Assume that 2 f q / 0 and thatn
n is odd. Then with a suitable ordering of the rows and columns the




  ..   .. where D s D H S m D H S . When n is e¨en, we can obtain part ofa a nya
 .  w x. .the decomposition matrix of H D in a similar way see 10, 3.10 .n
2.2. EXAMPLES. To construct the following decomposition matrices we
 . w xuse the decomposition matrices for H S given in 9 . In the followingn
examples p denotes the characteristic of the field, and e denotes the least
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2 ry1 positive integer r for which 1 q q q q q ??? qq s 0. If no such
.integer r exists, then let e s `. An empty space in the matrices will mean
that the corresponding entry is 0. For the definitions of Sl, m and Dl, m see
w x w x10, 3.9 . For the basic properties of these modules see 10, 3.10 .
 .2.2.1 Assume that 2 f q / 0, e s 3, p G 3. The decomposition matrix3
 .for H D is3
D3., 0. D21., 0. D2., 1. D1
2 ., 1.
3., 0.S 1
21., 0.S 1 1
31 ., 0.S 1
2., 1.S 1
21 ., 1.S 1
 .Note that this is the same as the decomposition matrix for H S in4
 .  .agreement with the fact that H S is the same as H D .4 4
 .2.2.2 Assume that 2 f q / 0, e s 3, p G 3. The decomposition matrix4
 .for H D is4
 .  .  2 .  2 .  .  .  .  .  .  2 .  2 .4 31 2 21 3 21 2 q 2 y 2 1 q 1 y
2 2 2 .  .  .  .  .  .  .  .  .  .  .0 0 0 0 1 1 2 2 1 1 1
 . .4 0 1
 . .31 0 1
2 . .2 0 1 1
2 . .21 0 1
4 . .1 0 1
 . .3 1 1
 . .21 1 1 1
3 . .1 1 1
 . .2 2 q 1
 . .2 2 y 1
2 . .2 1 1
2 . .1 2 1
2 2 . .1 1 q 1
2 2 . .1 1 y 1
w xThe components of the right ideal I defined in 10, 3.11 in the direct sum1
w x  . .q  . .ydecomposition of I given in 10, 3.11 are denoted by 2 2 and 2 2 ,1
  2 . 2 .q  2 . 2 .y.respectively similarly for 1 1 and 1 1 .
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 .2.2.3 Assume 2 f q / 0, e s 3, p G 3. The decomposition matrix for5
 .H D is5
 .  .  .  2 .  2 .  .  .  2 .  2 .  .  .  .  .5 41 32 31 2 1 4 31 2 21 3 21 3 21
2 2 .  .  .  .  .  .  .  .  .  .  .  .  .0 0 0 0 0 1 1 1 1 2 2 1 1
 . .5 0 1
 . .41 0 1
 . .32 0 1 1
2 . .31 0 1
2 . .2 1 0 1 1
3 . .21 0 1
5 . .1 0 1
 . .4 1 1
 . .31 1 1
2 . .2 1 1 1
2 . .21 1 1
4 . .1 1 1
 . .3 2 1
 . .21 2 1 1
3 . .1 2 1
2 . .3 1 1
2 . .21 1 1 1
3 2 . .1 1 1
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